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Common denominator: Numerical complexity

Numerical solution of the Kondo problem
1P approach – Self-energy in DMFT
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One-particle vs. two-particle approaches
One-particle approach

Generating Luttinger-Ward functional Φ[U,G]
Perturbation theory for the self-energy Σ[U,G]
Conserving approximations – Baym-Kadanoff G[Σ]

Two-particle approach

Perturbation theory for 2PIR vertex Λ[I[U],G]
Bethe-Salpeter equation for full vertex Γ[Λ,G]
Schwinger-Dyson equation for Σ[Γ,G]

2P approach much more complicated than 1P theory.

Václav Janiš LSU-MJMS
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Recognition of two-particle approaches

When is 2P approach needed?
Renormalizations in response functions necessary.

N. E. Bickers – parquet equations,
numerical solution

A. I. Lichtenstein – dual fermions,
beyond DMFT

K. Held – dynamical vertex,
DMFT parquet equations
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Magnetic response – insulators vs. metals

Spin magnetism

Well defined local magnetic moment gµB
√

S(S + 1)
Curie-Weiss susceptibility at low temperatures: χ = C

T
Curie constant: C = ng2µ2

BS(S + 1)/3kB

Itinerant magnetism

Conduction electrons – no local moment
Pauli paramagnet at low temperatures (Fermi liquid):
χP = µ0µ

2
Bν(EF)

[
1 − π2

12
k2

BT2

E2
F

]
No linear temperature dependence

Václav Janiš LSU-MJMS
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Transition metals enigma
Ferromagnetic critical temperature much lower than
the mean-field value (Stoner)
Curie-Weiss susceptibility above TC

J. Phys. Soc. Jpn.
Downloaded from journals.jps.jp by Institute of Physics of the CAS on 02/03/20

Y. Nagakawa, JPS J 12, 700 (1957)

Václav Janiš LSU-MJMS



Drive/Documents/Figures/FZU-L-CMYK.pdf Drive/Documents/Figures/FZU-L-CMYK.bb

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Metallic ferromagnetism
Weak ferromagnets – Moriya theory (modified RPA)
Strong coupling – DMFT ferromagnetic transition for
Fe & Ni at high temperatures

VOLUME 87, NUMBER 6 P H Y S I C A L R E V I E W L E T T E R S 6 AUGUST 2001
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FIG. 2 (color). Same quantities as in Fig. 1 for ferromagnetic
nickel (T ! 0.9TC). The inset shows the spin-spin autocorrela-
tion function for T ! 1.8TC .

more spin-up contributions in agreement with photoemis-
sion spectra [28]. The exchange splitting of the d band
depends very weakly on temperature from T ! 0.6TC to
T ! 0.9TC . Correlation effects in Fe are less pronounced
than in Ni, due to its large spin splitting and the characteris-
tic bcc-structural dip in the density of states for spin-down
states near the Fermi level, which reduces the DOS for par-
ticle hole excitations.

The uniform spin susceptibility in the paramagnetic state
xq!0 ! dM!dH was extracted from the QMC simulations
by measuring the induced magnetic moment in a small
external magnetic field. It includes the polarization of
the impurity Weiss field by the external field [13]. The
dynamical mean-field results account for the Curie-Weiss
law which is observed experimentally in Fe and Ni. As
the temperature increases above TC, the atomic character
of the system is partially restored resulting in an atomiclike
susceptibility with an effective moment:

xq!0 !
m2

eff

3"T 2 TC# . (4)

The temperature dependence of the ordered magnetic mo-
ment below the Curie temperature and the inverse of the
uniform susceptibility above the Curie point are plotted in
Fig. 3 together with the corresponding experimental data
for iron and nickel [1,29]. The LDA 1 DMFT calcula-
tions describe the magnetization curve and the slope of the
high-temperature Curie-Weiss susceptibility remarkably
well. The calculated values of high-temperature magnetic
moments extracted from the uniform spin susceptibility
are meff ! 3.09"1.50#mB for Fe (Ni), in good agreement
with the experimental data meff ! 3.13"1.62#mB for Fe
(Ni) [29].

We have estimated the values of the Curie temperatures
of Fe and Ni from the disappearance of spin polariza-
tion in the self-consistent solution of the DMFT problem
and from the Curie-Weiss law in Eq. (4). Our estimates
TC ! 1900 "700#K are in reasonable agreement with ex-
perimental values of 1043 "631#K for Fe (Ni), respectively
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(0
)
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FIG. 3 (color). Temperature dependence of the ordered mo-
ment and the inverse ferromagnetic susceptibility for Fe (open
squares) and Ni (open circles) compared with experimental
results for Fe (squares) and Ni (circles) (from Refs. [1,28]).

[29], considering the single site nature of the DMFT ap-
proach, which is not able to capture the reduction of TC
due to long wavelength spin waves. These effects are gov-
erned by the spin wave stiffness. Since the ratio of the spin
wave stiffness "D# to TC , TC!a2D is nearly a factor of 3
larger for Fe than for Ni [29] (a is the lattice spacing), we
expect the DMFT TC to be much higher than the observed
Curie temperature in Fe than in Ni. Quantitative calcula-
tions demonstrating the sizable reduction of TC due to spin
waves in Fe in the framework of a Heisenberg model were
performed in Ref. [9].

Within dynamical mean-field theory one can also com-
pute the local spin susceptibility defined by

xloc !
g2

s

3

Z b

0
dt $S"t#S"0#% , (5)

where gs ! 2 is the gyromagnetic ratio, S !
1
2

P

m,s,s0 cy
mssss 0cms 0 is the single-site spin operator,

and s ! "sx, sy , sz# are Pauli matrices. It differs from
the q ! 0 susceptibility, by the absence of spin polariza-
tion in the Weiss field of the impurity model. Equation (5)
cannot be probed directly in experiments but it is easily
computed in DMFT-QMC. Its behavior as a function of
temperature gives a very intuitive picture of the degree of
correlations in the system. In a weakly correlated system
we expect Eq. (5) to be nearly temperature independent,
while in a strongly correlated system we expect a leading
Curie-Weiss behavior at high temperatures xlocal ! m2

loc!
"3T 1 const# where mloc is an effective local magnetic
moment. In the Heisenberg model with spin S, m2

loc !
S"S 1 1#g2

s , and for well-defined local magnetic mo-
ments (e.g., for rare earth magnets) this quantity should
be temperature independent. For the itinerant electron
magnets mloc is temperature dependent, due to a variety of
competing many-body effects such as Kondo screening,
the induction of local magnetic moment by temperature
[12], and thermal fluctuations which disorder the moments
[30]. All these effects are included in the DMFT cal-
culations. The t dependence of the correlation function

067205-3 067205-3

A. I. Lichtenstein, M. Katsnelson, G. Kotliar, PRL 87, 067205 (2001)

When can the Curie-Weiss law emerge
at low temperatures in metals?

Václav Janiš LSU-MJMS



Drive/Documents/Figures/FZU-L-CMYK.pdf Drive/Documents/Figures/FZU-L-CMYK.bb

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Generic Hamiltonians

Hubbard model

Ĥ =
∑
kσ

ϵ(k)c†kσckσ +
∑

iσ
Vin̂iσ + U

∑
i

n̂i↑n̂i↓

SIAM

ĤI =
∑
kσ

ϵ(k)c†kσckσ + Ed
∑
σ

d†
σdσ

+
∑
kσ

(
Vkd†

σckσ + V∗
kc†kσdσ

)
+ Un̂d

↑n̂d
↓

Václav Janiš LSU-MJMS



Drive/Documents/Figures/FZU-L-CMYK.pdf Drive/Documents/Figures/FZU-L-CMYK.bb

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Vertex functions & 2P approach

Full 2P vertex

Γσσ′(k, k′; q) = Λα
σσ′(k, k′; q) +Kα

σσ′(k, k′; q)

2P irreducible vertex in channel α: Λα
σσ′(k, k′; q)

2P reducible vertex in channel α: Kα
σσ′(k, k′; q)

Fully 2P irreducible vertex: Iσσ′(k, k′; q)

Bethe-Salpeter & parquet
equations to be aprroximated

Václav Janiš LSU-MJMS
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Bethe-Salpeter equations I

Electron-hole scattering channel (eh)

Γ
σσ

′

σ′k + q

σk

σ′k′ + q

σk′

= Λ
σσ

′ −

σk′′

σ′k′′ + q

Λ
σσ

′ Γ
σσ

′

Electron-electron scattering channel (ee)

Γ
σσ

′

σ′k + q

σk

σ′k′ + q

σk′

=
κ
σσ

′

−

σk′′

σ′k + k′ + q − k′′

κ
σσ

′ Γ
σσ

′

Václav Janiš LSU-MJMS
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Bethe-Salpeter equations II

Vertical scattering channel (U)

Γσσ′

σ′k + q

σk

σ′k′ + q

σk′

= λσσ′ + σ′′k′′ σ′′k′′ + q

λσσ′′

Γσ′′σ′

− σk′′ σk′′ + q

λt

σσ

Γσσ′

− σ′k′′ σ′k′′ + q

λσσ′

Γt

σ′σ′

Václav Janiš LSU-MJMS
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Parquet equations

Parquet equation with the reducible vertices

Γ = Keh +Kee +KU + I

Parquet equation for the irreducible vertices

2Γ + I = Λeh + Λee + ΛU

Input to parquet equations: I(k, k′; q) = U and Gσ(k)
Output: Self-consistently determined Λeh,Λee,ΛU

Renormalization of the interaction strength.
⇒ Only integrable singularities may exist!

Václav Janiš LSU-MJMS
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SDE vs. WI in 2P approaches
Schwinger-Dyson equation – from Luttinger-Ward

σk σk
Σσ =

σk σk

σ̄k′′

−

σk

σ̄k′′

σk+q′′ σk

σ̄k′′+q′′
Γσσ̄

Ward identity – additional consistency condition

↑ k

↓ k′

∆Σ =

k+q′′

k′+q′′

↑ k

↓ k′

Λ ∆G

They can never be satisfied simultaneously.

Václav Janiš LSU-MJMS
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Problems of full parquet equations (I = U)
Only in Matsubara frequencies
No direct access to spectral properties
No criticality – No Kondo behavior (Λeh ↗ Uc = URPA)

V.Janiš

only at a single transfer frequency in two-particle bubbles X↑↓(q) and Y↑↓(k + k′ + q) We choose
their zero values and denote them X0 and Y0, respectively. With this static approximation we turn
the integral equations algebraic. We can easily solve them explicitly with the result

Λeh = U −
[U(1 + ΛehX0) − Λ2

ehX0]2Y0

(1 + ΛehX0)[(1 + ΛehX0)(1 + UY0) − Λ2
ehX0Y0]

(5.6a)

and

Λee = U −
[U(1 + ΛeeY0) − Λ2

eeY0]2X0

(1 + ΛeeY0)[(1 + ΛeeY0)(1 + UX0) − Λ2
eeX0Y0]

. (5.6b)

The only input to these equations are the bare interaction and the static values of the electron-
hole and electron-electron bubbles. At half-filling we have 0 < Y0 = −X0. We can see that the
bare interaction is screened by the electron-electron scatterings and enhanced by the electron-hole
scatterings, see figure 5.

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  0.2  0.4  0.6  0.8  1
U/UC

Λeh

Λee

Figure 5. Static effective interactions calculated from the parquet equations with two channels.
We choose half-filling and denoted the RPA critical interaction Uc = 1/Y0 = −1/X0.

The strong-coupling asymptotics of the irreducible vertices is Λeh → 1/2Y0 and Λee → U+1/2Y0

and the full two-particle vertex does not approach a pole even for U → ∞. This is a significant
change with respect to the single-channel RPA approach where a pole in this asymptotics causes
the approximation to break down for rather small interaction strengths U ∼ Uc = −1/X0. Hence,
we can see that the parquet-type charge renormalization, even in its simplest static approximation
qualitatively changes the behavior of the FLEX approximations. Now we can use the calculated
irreducible vertices in the Bethe-Salpeter equations to determine the full two-particle vertex. Since
we have taken into account two-channels we build up the two-particle vertex as a sum of both
vertices from which we subtract the bare interaction. The correction to the Hartree self-energy
then reads

∆Σσ(k)=−
U

βN

∑

q

[
G−σ(k + q)ΛehXσ−σ(q)

1 + ΛehXσ−σ(q)
+

G−σ(q − k)ΛeeYσ−σ(q)

1 + ΛeeYσ−σ(q)
− UG−σ(k + q)Xσ−σ(q)

]

(5.7)
and remains numerically stable up to infinite interaction strength. Hence, the static parquet ap-
proximation for the irreducible vertex can replace the bare U in the FLEX-type approximations
and extend the validity of the approximation defined by equation (5.6) and equation (5.7) from
weak to intermediate interaction strengths.

We cannot, however, rely on the static parquet approximation up to the strong-coupling regime
where we expect the Kondo behavior. The Kondo asymptotics is a hallmark for the genuine strong-
coupling limit of correlated electrons with enhanced electron-hole scatterings (half-filling). The
Kondo asymptotics is neither reproduced by the FLEX nor by the static parquets. To improve
toward the Kondo behavior one has to allow for dynamical vertex corrections. There is no system-
atic or rigorously controlled way of introducing a frequency-dependent charge renormalization but

512

A balanced contribution from ee and
eh multiple scatterings is needed.

Václav Janiš LSU-MJMS
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Reduced parquet equations – definitions

Full vertex decomposition: Γ = Λeh +Keh

BSE in the eh channel – critical behavior
" k

# k + q

" k0

# k0 + q

K"# = �

k00

k00 + q

⇤"#

2

666666664

⇤"# + K"#

3

777777775

Reduced BSE in the ee channel – nonsingular
(screening of the interaction strength)
" k

#

"

# k0

⇤"# = �

k0 +Q

k �Q

K"# ⇤"#

1

Václav Janiš LSU-MJMS
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Reduced parquet equations – properties

Critical behavior from RPA with a renormalized
interaction U → Λ extended to strong coupling

Analytic control of the critical behavior
– real frequencies & spectral properties
No spurious transition to the magnetic state
(pole in the eh BSE is nonintegrable)
Anomalous & normal self-energies to reconcile
WI & SDE

Qualitatively correct Kondo behavior

VJ, P. Zalom, V. Pokorný, and A. Klíč,
Phys. Rev. B 100, 195114 (2019)

Václav Janiš LSU-MJMS
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Mean-value approximation I
Static approximation – decoupling of convolutions of
fermionic Matsubara frequencies
Self-consistent approximation for an
effective interaction (renormalized RPA in eh channel)

Λ↑↓ =
U

1 − Λ2
↑↓ϕ(0)X↑↓(Λ↑↓)

eh bubble

ϕ↑↓(Ω+) = −
∫ ∞

−∞

dx
π

f(x) [G↓(x + Ω+)ℑG↑(x+)

+ G↑(x − Ω+)ℑG↓(x+)]

Václav Janiš LSU-MJMS
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Mean-value approximation II

Decoupling of integrals from ee channel: X↑↓ = X0 +∆X
Low-temperature contribution (quantum fluctuations)

X0 = −
∫ ∞

−∞

dx
π

f(x)ℑ
[

G↑(x+)G↓(−x+)
1 + Λ↑↓ϕ↑↓(−x+)

]

High-temperature contribution (thermal fluctuations)

∆X =

∫ ∞

−∞

dx
π

ℜ [G↑(x+)G↓(−x+)]
sinh(βx) ℑ

[
1

1 + Λ↑↓ϕ↑↓(−x+)

]

1/ sinh(βx) = f(x) + b(x)

Václav Janiš LSU-MJMS
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Thermal vs. quantum fluctuations

X0

X

0 1 2 3 4

0.0

0.2

0.4

0.6

0.8

1.0

T

Kondo temperature: X0 = ∆X
VJ and A. Klíč, arXiv:1909.02292 (2019)

Václav Janiš LSU-MJMS

https://arxiv.org/abs/1909.02292


Drive/Documents/Figures/FZU-L-CMYK.pdf Drive/Documents/Figures/FZU-L-CMYK.bb

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Interpolating temperature scheme

∫ ∞

−∞
dxf(x)F(x) =

∫ ∞

0
dx

[
F+(x)− tanh

(
βx
2

)
F−(x)

]
→

∫ ∞

0
dxF+(x)−

β

2

∫ 2/β

0
dx xF−(x)−

∫ ∞

2/β
dxF−(x) ,

∫ ∞

−∞
dxb(x)F(x) = −

∫ ∞

0
dx

[
F+(x)− cotanh

(
βx
2

)
F−(x)

]
→ −

∫ ∞

0
dxF+(x) +

2
β

∫ 2/β

0

dx
x F−(x) +

∫ ∞

2/β
dxF−(x)
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Exact vs. interpolating distributions
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Critical (Kondo) regime

Low-frequency approximation 1 + Λϕ(ω+)
.
= a − iωD

Critical (Kondo) scale a = 1 + Λϕ(0) → 0
Low-temperature limit β → ∞

X0 =
1

πD∆2 ln

(
D∆

a

)
∆X =

2
π∆2βa arctan

(
D
βa

)

Two regimes: ∆βa ≫ 1 & ∆βa ≪ 1
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Zero temperature (∆X = 0)

No critical point a > 0 for finite U
Strong-coupling solution (U → ∞)

ϕ(0) = − 1
π∆

, D0∆ =
Λ0
π∆

X0 =
1

π∆(D0∆− a)2

[
D0∆ ln

(
D0∆

a

)
− D0∆+ a

]
a = 1 − Λ0

π∆
, Λ0 =

√
U

(1 − a)X0

Exponential Kondo scale a = exp{−U/π∆}
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Temperature crossover (∆X = X0)
Low temperature limit βa → ∞ (Fermi liquid)

δTϕ(0) =
4

3π
1

β2∆3 , δT(D∆) = − 8Λ0
3π∆

1
β2∆2

δTX0 = −2D0∆

3π∆
1

β2∆2a2 , ∆X =
2D0∆

π∆

1
β2∆2a2

Above Kondo temperature βa ≪ 1 and ∆X/X0 > 1

D =
D0
π

√
Uβa

(1 − a) , Λ = ∆

√
Uβa

(1 − a)

(1 − a)3 = ϕ(0)2∆2Uβa

Václav Janiš LSU-MJMS



Drive/Documents/Figures/FZU-L-CMYK.pdf Drive/Documents/Figures/FZU-L-CMYK.bb

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Genesis of the Curie-Weiss susceptibility I

Magnetic susceptibility & Kondo scale

χ
.
= − 2ϕ(0)

1 + ϕ(0)Λ = −2ϕ(0)
a

Critical behavior at low temperatures (a → 0)

χ

χ0
=

1
T

U∆2β2

4π2kB
arctan2

(
2
∆β

)
Curie constant (temperature dependent):

C = U∆2β2 arctan2 (2/∆β) /4π2kB
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Genesis of the Curie-Weiss susceptibility II

Limits on temperature for the Curie-Weiss behavior

U
π2 ≫ kBT ≫ U

π2 e−U/π∆

Lower limit on the interaction strength

U ≫ 8π2∆

β∆arctan
(

2
∆β

) [
β∆arctan

(
2

∆β

)
+ 2∆2β2

4+∆2β2

]
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Curie constant – temperature dependence
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Temperature limits
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Lower interaction limit
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Curie-Weiss regime (U = 60∆)
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Conclusions

Curie-Weiss law in metallic systems

Only in strongly correlated metals
Low-temperatures –quantum (dynamical)

fluctuations
Non-Fermi-liquid regime
Critical region: ∆βa ≪ 1
Spatial fluctuations –increase the Curie-Weiss

temperature region

Renormalization of the interaction strength
is a necessary condition!
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